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Utilizing the light scattering property of transparent media, holographic interferometry is applied to the
measurement of displacement at the interior planes of three dimensional bodies. The use of a double
beam illumination and the introduction of a fictitious displacement make it feasible to obtain information
corresponding to components of displacement projected on the scattering plane. When the proposed tech-
niques are invoked, it is possible to eliminate the use of a matching index of refraction fluid in many prob-
lems involving symmetrically loaded prismatic bodies. Scattered light holographic interferometry is limit-
ed in its use to small changes in the index of refraction and to low values of relative retardation. In spite of
these restrictions, a large number of technical problems in both statics and dynamics can be solved.

Introduction

Holographic interferometry provides the means to
measure the displacement of points located on a dif-
fusing surface. The phenomenon of scattering of
light by a transparent medium makes it possible to
extend the application of holographic interferometry
to the interior points of the medium.

The scattering of light by a transparent body is
due to the presence of discrete variations in the index
of refraction. These variations may be caused by the
presence of foreign particles, or by local fluctuations
of the density. The former type of scattering is
called Tyndall scattering; the latter, molecular scat-
tering. Whether originated by the presence of for-
eign particles or by the molecules of the medium it-
self, the type of scattering that is important for holo-
graphic recording is the Rayleigh scattering.'-3 A
spectral analysis of the light scattered by a medium
shows that a band exists that has the same central
frequency as the incident light. This central band,
called the Rayleigh band, is surrounded by a lateral
spectrum which can contain other peaks. The Ray-
leigh band, although not exactly identical to the band
of the incident light, is partially coherent with it, and
mutual interference is possible. Consequently, the
light scattered by a medium can be holographically
recorded.
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Basic Phenomena Observed in Scattered Light
Holographic Interferometry

The transparent materials that can be utilized in
scattered light holographic interferometry become
birefringent under the applied loads. The birefrin-
gence influences the observed scattered light pat-
terns. When a beam of light enters a stressed medi-
um it is split into two plane polarized waves. The di-
rections of polarization of these waves coincide with
the directions of the principal stresses in the plane of
the wavefront, called secondary principal stresses.
The optical phenomena that take place in a medium
that exhibits both a continuous rotation of the direc-
tion of the secondary principal stresses as well as a
change in their values have been the object of study
by many authors: Drucker and Mindlin4; Mindlin
and Goodman 5 ; Menges6 ; Kuske7 ,8; Abend9 ; Rob-
ert' 0 'll; Srinath and Sarma.12,13 The most important
results of these studies are summarized below.

Consider a transparent body under a general state
of stresses which is immersed in a fluid with a match-
ing index of refraction (see Fig. 1). A light beam, di-
rected along the x axis, passes through the model.
Assume that the beam exhibits a rectilinear state of
polarization. As it was previously mentioned, when
the light penetrates the model, it is decomposed into
two plane polarized wavefronts with directions of vi-
bration along the direction of the secondary principal
stresses. In general, the directions and the magni-
tudes of the secondary principal stresses change from
point to point along the path of the wavefront. The
total effect of the existing birefringence on the light
beam is the result of the integrated actions of the re-
tardations produced by the applied stresses and the
continuous rotation of the directions of the secondary
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Fig. 1. Propagation and observation of light through a transpar-

ent body immersed in a matching index of refraction fluid.

principal stresses. The light becomes eliptically po-
larized. The scattered light amplitude at an arbi-
trary point P of the path will depend on the state of
polarization of the primary beam at this point [Fig.
2(a)]. The intensity observed from point Q, Fig. 1,
situated along a normal to the light path inclined at
an angle 0, respect to the z axis, is proportional to the

square of the apparent amplitude PR. Consequently
when the body is stressed, the points illuminated by
the primary beam become plane polarized sources
whose amplitude is modulated by the state of
stresses. The previous paragraphs summarize the ef-
fect of the birefringence on the path of the primary
beam. To this effect one must add the effect of bire-
fringence on the scattered light wavefronts. The
light originated at P must go through the stressed
medium before reaching the observation point Q.
When transversing this region, the light vector expe-
riences again the integrated effect of the change of
the values of the secondary principal stresses and the
rotation of their directions. The initially plane po-
larized scattered light beams become elliptically po-
larized. Under ordinary conditions of observation,
for example, in scattered light photoelasticity, the ef-
fect of this second part of the light path is not detect-
ed. In this case no polarizing filter is used between

the observation point and the model. Hence, only
the effect of the stresses on the primary beam path
are observed. However, if holographic interferome-

try is utilized to record the scattered light pattern,
the reference beam acts as an analyzer (polarizing fil-

ter).14 For example, if the reference beam is linearly
polarized, the amplitude of the scattered light re-
corded at a given point is [Fig. 2(b)] the projection of

the ellipse radius in the direction of polarization of
the reference beam. The intensity of light, observed
in the holographic image, is modulated by the.inte-
gral effects of the retardation produced by the secon-
dary principal stresses and their rotation along the
total optical path. The optical path includes the seg-
ment of the primary beam up to the point under con-
sideration, for example, point P of Fig. 1, and then

the path of the secondary beam through the model
before it reaches the point of observation.

Derivation of the Corresponding Equations

The previously described phenomena can be ex-
pressed analytically by utilizing an optically equiva-
lent model of the stressed medium. It can be shown8" '1-

13 that a stressed medium can be replaced by the
equivalent optical effect of a linear retarder followed
by a rotator. A given light ellipse going through a

stressed medium will emerge as a light ellipse with a
different ellipticity (ratio of the principal axes) and
with its major axis at a different azimuth. The same
changes can be induced by a birefringent plate fol-
lowed by a pure rotator.

The optical path through the stressed medium
must be divided into two parts. First consider the
primary beam as it travels through the model to
point P (Fig. 1). This region can be modeled by a bi-
refringent plate of retardations 61 and 62, with its
principal axis at a, and al + (r/2) followed by a rota-
tor of rotating power 01. Applying the Jones matrix
formalism, the effect of the retarder and the rotator
can be expressed by the following matrix equation:

[E I_ r cosOi -singi ] cosal -sinai

E p sinei cosOi Isinal cosa J

X exp(ibi) 01 cosal sinai] r E,,

[0 exp(ib2) L-sinal cosal [EYJ
(1)

The matrix to the left of the equal sign represents the
beam at point P; the last matrix to the right of the
equal sign represents the incoming beam. The sec-
ond, third, and fourth matrices to the right of the
equal sign represent the effect of the retarder, while
the first matrix to the right of the equal sign repre-
sents the effect of the rotator. After performing the
matrix products one obtains

R
Q

(a)

ERII

E -

(b)

Fig. 2. Effect of elliptical polarization (a) on

served at point Q; (b) upon interaction with a
reference beam.

the intensity ob-
linearly polarized
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[EZ] [ I A exp(i6 1 ) + B exp(i6 2 )

[EyJ LC exp(ib6) + D exp(i 2)J'

where

A = EZO cosal cos(al + 01) + EYO sinal cos(a + 01),

B = EZO sina sin(al + 01) - Ey, cosal sin(al + 01),

C = EZ0 cosa sin(al + 0) + EYO sinal sin(al + 01),

(2) The right-hand side of the equal sign can be ex-
pressed in polar form:

F exp(ib) + G exp(i62) = exp[i(6b + 62)/2](F 2 + G2

(3)

(4)

(5)

D = -EZ0 sina cos(ai + 01) + Eyo cosal cos(ai + 01). (6)

The above equation gives the elliptical state of polar-
ization at point P. The light scattered by point P
depends upon its state of polarization. If we assume
that the observation point is along the z axis, the ob-
served amplitude is proportional to the Ey compo-
nent. Furthermore, if we assume that te initial
beam is plane polarized in the y direction, the scat-
tered light amplitude becomes

LkEyo[exp(iai) sinal sin(ca + O1 + exp(i62) cosal cos(a + 01)'] 

(7)

where k is the scattering factor of the medium. The
above equation represents a plane polarized beam.

+ 2FG COS63)1/2 X exp(i arctan 3) cos(2a, + 01)/cosOl.

Equation (14) can be written

[weI] = exp(iO [ ]'
where

EpS = (F2 + G 2 + 2FG COS6)1/2
and

61 + 62 [ 63 cos(2al + 01)= + arctan tan- I
2 L 2 cos01 .

(14)

(15)

(16)

(17)

Equation (14) shows that the amplitude of the scat-
tered light depends on the relative retardation 63, on
the orientation of the axis of the equivalent retarder,
and on the rotative power of the equivalent rotator.
The plane polarized light produced by the scattering
phenomenon has an absolute retardation given by
Eq. (17).

The light scattered at P must go through the
stressed medium before reaching the observation
point. This second part of the path can be expressed
by a matrix equation similar to Eq. (1). The angle
corresponding to the axis of the retarder will be
called a2, the retardation 61 and 2, and the rotating
power 02. Making the corresponding substitutions
one obtains the following expression for the ellipti-
cally polarized light emerging from the model:

[EX] = E's p(i) [exp(i) sin 2 cos(a2 + 02) - exp(i62) cosa2 sin(a2 + 02)
Ey, exp(ial) sina2 sin(a 2 + 02) + exp(i62) cosa2 coS(a2 + 02) ]

Equation (18) can be rewritten

Equation
as

(7) can be written in a more convenient way

[Eo] [Fexp(ib 1) + G exp(i6 2 )] (8)

where

F = kE,, sina sin(a + 01), (9)

G = kEy 0 cosal cos(a + 01). (10)

One can write the identity

F exp(ibl) + G exp(i62 ) = exp[i(6 + 62)/2] F exp[(i6 3)/2J

+ G exp[(-i63)/2]1, (11)

where

63=61-62 (12)

is the relative retardation. Equation (11) can be
written

F exp(ibl) + G exp(i62 )

= exp[i(6 1 + 62)/2] [cos 3 (F + G) + i sin 3(F-G)]- (13)

[E.xsEys]= Eps exp[i(61 + o')] sina2 [cos(a2 + 02)]
sin(a2 + 02)

+ EpS exp[i(; 2 + )] cosa2 [i(C2 2) (19)
L cos(a2 + 02)]

The outgoing beam can be represented as two orthog-
onal plane polarized beams that have absolute retar-
dation 61 + and 2 + V, respectively. When dou-
ble-exposure holographic interferometry is applied to
record the initial or unloaded and the loaded state of
the model, a pattern of fringes is observed upon re-
construction.

Equation (24) of Ref. 14 can be applied to obtain
the intensity distribution in the reconstructed holo-
gram,

IR = ER2(tZ.Zl + teA 2 )*(t1 Ze.Z1 + tA-Z 2), (20)

where ER2 is the amplitude modulus of the recon-
struction wavefront, which is assumed to be identical
to the reference wavefront, t and t 2 are the expo-
sures times of the first and second exposures, respec-
tively, R the complex amplitude vector correspond-
ing to the reference wavefront, il and 2 the complex
amplitude vectors corresponding to the object wave-
front during the first and second exposures. The
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symbol t indicates the Hermitian conjugate, and the
symbol * indicates the complex conjugate.

The complex amplitude vector of the reference
beam, assumed to be plane polarized, can be repre-
sented by

[ ]cos]
sino3J

(21)

where f is the angle measured counterclockwise from
the x axis to the plane of polarization.

The object beam is given by Eq. (19) in the loaded
condition. In the unloaded condition the object beam
will be of the form

il = El exp(iipo) [°] (22)

where El = kE0 represents the scattered light ampli-
tude, and 40 represents the total optical path of the
beam. This includes segment corresponding to the
primary beam up to P and the segment of the secon-
dary beam from P up to the point of emergence from
the model. If 11 is the index of refraction of the
model

,ho = (2x/X)noL, (23)

where L is the length of the optical path. Replacing
Eqs. (19) and (22) in Eq. (20) and making t2 = t = t
one obtains

I(x) = ERt2 IER2k2EO2 + ER2EPS2 sin2a2 cos2[fl -(a2 + 02)]

+ ER2EPS2 cos2a2 sin2 [fl -(a2 + 02)]

+ 2ER2 EPSkEO sina2 sinf COs[f3 - (2 + 02)] Cos(01 + 4' - 4o)

+ 2ER2kEOEPS COsa2 sinI - (a2 + 02)] Cos(02 + A- 4'0)

+ ER2EPS2 sinae2 CoSa2 sin2[ - (a2 + 02)] COS(01 - 62)1- (24)

The observed intensity distribution is a function of
the integrated effects of the changes in absolute and
relative retardations and of the rotations of the sec-
ondary principal stresses, as well as the direction of
polarization of the reference beam.

A material can be selected with very little sensitivi-
ty to the difference of the principal stresses, for ex-
ample, Plexiglass. In this case the relative retarda-
tions can be kept small enough so that for all practi-
cal purposes, the two wavefronts into which the in-
coming light is split upon entering the stressed medi-
um can be considered as a single wavefront. Fur-

thermore, circularly polarized light can be utilized to
illuminate the model. In this case the illuminating
beam is represented by

[E] = E 0 [1i (25)

E, 0J V,2 i

and taking exp(ib) exp(i62) and exp(ih3) = 1, Eq.
(1) becomes

[ EZ] = E° exp[i(61 + 01)] [. (26)

The light at P is circularly polarized and has an abso-
lute retardation that results from the integrated ef-
fect of the principal secondary stresses and their
rotation. The scattered light in the direction of ob-
servation, assumed to be the z axis, is then

[ ] = -E2 exp[i(bi + 0l 1]
1E, -\/2 Lii

(27)

The effect of the stressed medium on the scattered
plane polarized light, with the same simplification in-
troduced previously for the primary beam, can be ex-
pressed by

[EJ p(6l) lCO02 -sin2] kE 0 exp[i(6i + 0)] []
L Ey, sin02 COS02 i x/2 

Finally, the outgoing beam is given by

[Ex] = exp[i(61 + 61 + 01)] v2 ciO2 .

(28)

(29)

Then the outgoing beam is plane polarized with the
direction of polarization determined by the rotating
power of the stressed medium.

If one employs circularly polarized light in the ref-
erence beam,

Eo i]
ZR=-,/2L 1]l. (30)

Replacing in Eq. (20) Eqs. (29), (30) and (22) with El
= kE 0/A/2, one obtains

J(X) = ER2 [k2E + k2E C(6 + al + 0l + 02 -4)] (31)

The hologram shows a pattern of fringes that de-
pends on the changes of the absolute retardation
along the whole optical path of the beam and on the
rotatory power of the medium along the total optical
path.

Optical Separation of the Components of the
Displacement Vector

If one wants to utilize the scattering light phenom-
ena as a means to determine the displacement vector
of a generic point of the medium, one must devise a
means to separate the changes in the optical path due
to the displacement of the point from the total
changes produced by the application of the load.

This separation can be achieved by applying a
technique introduced by the authors.15 The separa-
tion of the displacement vector into components is
based on a double illumination technique. The point
P is illuminated by two parallel beams reaching the
point from opposite directions. If a hologram is re-
corded, Eq. (31) applies, and the total intensity ob-
tained upon reconstruction is given by

1(x) = [k2Eo4 + 2E° CO6 IL + 61 + OIL + 02 4OL)

+- COS (61R + 61 + O1R + 02 1OR)] ER, (32)

where the subscripts L and R have been introduced
to distinguish the optical path components that are
different for the two beams. The two families of
fringes, if they are dense enough, will originate a
moir6 pattern whose argument is given by the differ-
ence of the arguments of the component families,
that is,

0 = (61L - 4OOL) - (6 1R - 4'OR) + (OIL - OIR),
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Consequently, if a rotation of the plate is added
before the load is applied, a system of fringes parallel
to the axis of rotation is generated. These fringes
have an argument

61R - 4'0R = - -r do
X

(35)

where d is the displacement of the point in the di-
rection of, illumination, and 7 is the index of refrac-
tion of the medium. The value of t7 changes with the
applied stresses; however, these changes are small
enough to be neglected. Replacing Eqs. (34) and
(35) in Eq. (33) one obtains

0 = -dn + OiL - 1R.
X (36)

The displacement of the point in the direction of illu-
mination could be computed by means of Eq. (36), if
it were not for the presence of a term that depends on
the rotation of the principal secondary stresses. In
many cases this effect is negligible, but even if it is
not, it can be eliminated for displacements that are
proportional to the applied load, for example, in elas-
tic problems. If one applies a load Q and then a load
mQ one can write

OQ =-dxQn + 1L-01R (37)

and

4ir
4bmQ = mddQ + (IL - OIL), (38)

if one multiplies Eq. (37) by m and subtracts it from
Eq. (38),

4'.mQ - Q = (OIL - 1R)(1 - ), (39)

from which

OIL -
0
1R = LmQ ntQ (40)

If the quantity 0 1L -
0 1R is negligible or is eliminated

by means of Eq. (40), Eq. (36) becomes
0 nX
27r2-q 2n'

where n is the fringe order.
In general, the moir6 pattern canot be observed be-

cause the patterns corresponding to the two direc-
tions of illumination lack the required number of
fringes. To solve this problem a fictitious displace-
ment field can be added.15 To originate this fringe
pattern the holographic plate is rotated between ex-
posures through a small angle around an axis parallel
to the plane of the plate. In Ref. 15 it is shown that
the localization plane of the fringes corresponding to
the fictitious displacement can be controlled by mod-
ifying the position of the axis of rotation. Further-
more, an equation is derived for the fringe density of
the fictitious displacement field. Although the ex-
pressions given in Ref. 15 correspond to the case of
an external surface, the equations can be easily modi-
fied for the case of a surface inside a transparent
media.

Of = O'f(0r), (42)

where Or is the rotation angle of the plate. When the
model is loaded, each illumination adds a different
contribution to the initial phase change produced by
the rotation of the plate, and two patterns result that
are characterized by the arguments

01 = ('
f(Or) + 

6
1L + 61 + 1L + 02 - 4OL (43)

and

02 = of(Or) + 6 1R + 61 0&nf 02 - 4'1R-

The argument of the moir6 pattern is still given by
Eq. (36), since the fictitious displacement is common
to the two beams. In addition, the introduction of
the fictitious displacement allows one to improve the
quality of the resultant moir6 pattern by applying
optical filtering techniques. The fringes produce dif-
fraction orders that can be isolated in the filtering
plane of an optical processing set up.

Experimental

The technique described above was applied to a
two-dimensional and a three-dimensional problem.

A disk under diametral compression was used for
the two dimensional case. The displacement was
measured for points along the horizontal diameter in
the interior of the model and for points on the model
surface.

Figure 3 shows the experimental setup. A 50-mW
laser served as the light source which was split into a
reference beam and the two object beams used to il-
luminate the model. Each illumination beam was
collimated, and the two ribbons of light merged to
form a scattering plane 6.0 mm wide and 1.6 mm
thick. Light was polarized in the direction of the
loading. Since the disk was a symmetrically loaded

I LASER 4 MODEL
2 BEAM SPLITTER 5 PHOTOGRAPHIC PLATE
3 MIRROR

Fig. 3. Experimental setup.
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Figures 4(A) and 4(B) show the unmodified holo-
graphic patterns corresponding to the two separate
illuminating beams for the middle plane of the disk
under diametral compression. A fictitious displace-
ment, common to each beam, allowed one to obtain
Fig. 5, which shows the filtered moire pattern for the
same plane corresponding to a double beam illumina-
tion. Figure 6 is the pattern that resulted from a
symmetrical double beam illumination at grazing in-
cidence to the surface.

Fig. 4. Unmodified holographic pattern for a disk under diame-

tral compression with a normal observation and (A) illumination

from the right; (B) illumination from the left.

Fig. 6. Filtered moir6 pattern of the horizontal displacement for

a double beam illumination at grazing incidence to the surface of
the disk.

10

Fig. 5. Filtered moire pattern of the horizontal displacement for
a double beam illumination through the interior of the disk.

prismatic model with illumination and observation
made normal to the object faces, no immersion fluid
was used. To make a study of the displacement of
points inside the disk, however, the lens effect,
caused by the curved boundary, was corrected by op-
tical means.

The holographic plate was supported on a kine-
matic device which had controlled displacement in a
direction normal to the plate surface. This allowed
one to locate precisely the center of rotation. Rota-
tions could be made around either a vertical or a hor-
izontal axis which passed through this center of rota-
tion and which was parallel to the plane of the plate.

Id,

I

0 .05 .10 .15 .ZO .25 .30
x
D

_ 7!7~~ I I I 

0 SURFACE POINTS

A INTERIOR POINTS

I I = I 0 == I=

Fig. 7. X component of the displacement for points along the
horizontal diameter of a disk subjected to diametral compression

(X = 6328 X 10-8 cm).
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Fig. 8. Filtered moire pattern and plot of the X component of the
displacement for points along a 17.78-mm line. From the concen-

trated load on a half-space ( = 6328 X 10-8 cm).

Equation (41) was used to compute the values of d,
at the scattering plane with = 1.506. The index of
refraction was experimentally determined using a re-
fractometer. Equation (41) was then applied to find
the surface displacement with = 1.0.

Figure 7 is a plot of the displacement determined
on the surface and on the middle plane. The two
curves agree to within a 3% error.

The three-dimensional problem was the Boussin-
esq problem (concentrated load on the half-space).
The displacement parallel to the direction of the
loading was determined in a plane 17.78 mm froni the
point of application of the concentrated load. The
problem was simulated by applying a 200-lb (90-kg)
concentrated force at the center point of the square
face of a Plexiglass block which measured 63.5 mm X
63.5 X 101.6 mm. Since the intensity observed by
the scattering from the Plexiglass was low, the double
beam illumination was made without expanding the
beams. Each illuminating beam was circularly po-
larized. In order to apply Eq. (41) to determine the
absolute displacement d, the block was immersed in
a matching index of refraction fluid. To this end,
decahydronaphthalene and a-bromanaphthalene
were mixed so that the resultant solution had an
index of refraction, i = 1.492.

Figure 8 shows the fringe pattern for the displace-
ment of points up to 50.8 mm below the surface.
The experimental distribution of fringes is graphical-

ly compared to the theoretical displacement predict-
ed by the Boussinesq solution.

Discussion and Conclusions

Holographic interferometry can be applied to mea-
sure displacement on arbitrary planes inside three-
dimensional transparent bodies. These measure-
ments are made easier when a double beam illumina-
tion is used in conjunction with a fictitious displace-
ment for the optical subtraction of patterns by means
of the moir6 method.

The technique is limited to cases where only small
changes in the index of refraction take place, and the
relative changes of optical path are small. In those
regions where large changes of the index refraction.
occur, the rectilinear propagation of the beams will
be affected, and distortion of the fringe pattern re-
sults. These limitations are not as severe as they
may seem, since many problems of technical interest
can be solved without violating the above conditions.
One requirement of the technique is to have a high
intensity source. This limitation can be somewhat
relaxed if materials with better scattering properties
are used. Recent experiments carried out by the au-
thors indicate that polymers that have foreign parti-
cles dispersed inside may be of use in scattered light
holography. Take, for examble, the rubber modified
acrylic, XT-375. This material has a very high coef-
ficient of scattering; however, one work of caution
should be mentioned. Its increased scattering power
results in an appreciable attenuation of the incident
beam as it propagates through the scattering medi-
um. This attenuation changes the balance of the
object beam and the reference beam through the
model and may have unfavorable effects on the holo-
graphic recording.
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