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Gradient-index ~GRIN! lenses have been widely used as collimators in various fiber-optic sensors and as
optical coupling devices in components designed for optical communication systems. However, rela-
tively little attention has been paid to the birefringent properties of GRIN lenses and the potential for
using them as photoelastic sensing elements in optical transducers. Analytical and experimental re-
sults are described that were obtained for the intensity distribution produced by studying a GRIN lens
by using a polariscope. The residual birefringence inherent in an unloaded lens is initially studied.
The lens is then assumed to be diametrically loaded and the superposition is studied by the method of ray
tracing. When the results obtained from the simulation for a Selfoc, 0.25-pitch lens are compared with
experimental data, an excellent agreement is obtained. Intensity increases monotonically with load,
confirming that the lens would be a good choice for the sensing element of an optical transducer designed
as part of a strain or acceleration measurement system. The numerical simulation is then used to study
the influence of residual stress on sensitivity. © 1996 Optical Society of America
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1. Introduction

A gradient-index ~GRIN! lens is an optical rod in
which the refractive index changes radially but re-
mains constant over the length; in most cases, the
index profile can be expressed in the form of a para-
bolic function. The small size of the lens permits
compact optical systems to be constructed; flexibility
is increased, often permitting the associated optical
systems to be designed with fewer optical compo-
nents. GRIN lenses have been widely used as colli-
mators in various fiber-optic sensors and as optical
coupling devices in components designed for optical
communication systems, such as laser diodes, fiber-
optic transmitters, and fiber-optic connectors.1
Even though GRIN lenses have been widely used

as sensing elements in displacement transducers, rel-
atively little attention has been paid to their pho-
toelastic properties and potential use as photoelastic
sensing elements. This is due mainly to the rela-
tively low stress optic coefficient of the borosilicate
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glass used to make the lens, coupled with a lack of
knowledge regarding the inherent birefringent prop-
erties.
We recently introduced a photoelastic fiber-optic

strain gauge that relies on an optical transducer con-
sisting of a unidirectionally loaded photoelastic cube
sandwiched between two linear polarizing elements.2
Light was introduced and collected from the sensing
element by using multimode optical fibers. Results
showed that the system could be used to make both
static and dynamic strainmeasurements. Themain
requirements for the sensing element are that it has
an adequate stress optic coefficient and is compatible
with the fiber coupling elements. The loading and
geometry must also be optimized to produce the de-
sired intensity modulation. This paper shows that a
gradient index lens meets all of these requirements,
making the lens an ideal candidate for use in a pho-
toelastic fiber-optic sensor.
Photoelastically induced intensity modulation in

GRIN lenses was first reported by Abdulhalim and
Pannel in 1993.3 In their experiment, a GRIN lens
was diametrically loaded between two aluminum
plates by using a piezoelectric transducer. A He–Ne
laser having a wavelength of 633 nm was launched
into a single-mode fiber, which served as the light
source for a polariscope constructed by using two
crossed linear polarizers and one quarter-wave plate.
Stress-induced birefringence was estimated by re-
cording the changes in light intensity.



Although Abdulhalim and Pannel were the first to
illustrate the potential of using a GRIN lens as a
robust and compact photoelastic sensor, they ne-
glected to include the shear stress component in the
stress distribution given for the diametrically loaded
lens, incorrectly assumed that the longitudinal stress
component in the constitutive equations vanishes for
the case of plane strain, and did not take the stress
concentration at the loading point into account when
computing the overall stress distribution in the lens.
In the following sections we describe analytical and

experimental results obtained for the intensity dis-
tribution produced by studying a GRIN lens with a
polariscope. The residual birefringence inherent in
an unloaded lens is initially studied. The lens is
then assumed to be diametrically loaded and studied
by the method of ray tracing. When the results ob-
tained from the simulation for a Selfoc, 0.25-pitch
lens are compared with experimental data, excellent
agreement is obtained. Intensity increases mono-
tonically with load, confirming that the lens would be
a good choice for the sensing element of an optical
transducer designed as part of a strain or accelera-
tion measurement system. The numerical simula-
tion is then used to study the influence of residual
stress on sensitivity.

2. Residual Birefringence

Ion exchange is the only knownmethod that has been
commercially developed for the production of GRIN
lenses.1 During the fabrication of Selfoc micro-
lenses, for example, one can make a preform by im-
mersing a cylindrical borosilicate glass rod
containing Tl1 and Na1 ions into a high-temperature
molten KNO3 salt bath.4 Ion diffusion occurs within
the glass, leading to the partial substitution of Tl1

and Na1 ions by K1 ions from the salt bath. As the
ion exchange process progresses, a nearly parabolic
refractive-index distribution, corresponding to the
Tl1 ion concentration, is formed within the rod.
After a specified time, typically 10–99 h, the preform
is removed from the bath and cut into relatively short
segments to produce GRIN lenses of a desired pitch.
The ends of each lens are then polished flat.
It is well known that stresses introduced during an

ion-exchange process contribute to birefringence in
gradient index glass.5–8 These stresses are caused
by either a mole volume change caused by the mis-
match in ionic size of exchanging ion pairs, or by the
change in thermal properties caused by a variation in
glass composition. During the fabrication of a Selfoc
lens, the exchange temperature is between the trans-
formation temperature,Tg, and the softening temper-
ature of the glass4; consequently, the stresses
introduced by the change in mole volume are com-
pensated by the viscous flow that occurs above Tg.
Therefore, in the case of a GRIN lens, stresses are
introduced because of the variation in the coefficient
of linear thermal expansion across the GRIN region.
As the lens cools from the transformation tempera-
ture to room temperature, residual stresses are in-
troduced. The stress state changes with the
working temperature and is modified when external
loads are applied to the lens.
In a GRIN lens, the composition of glass can be

specified as a function of position4; the thermal ex-
pansion coefficient is given by

aL~r, u, z! 5 (
i

aipi~r, u, z!, (1)

where ai is the partial linear expansion factor for the
ith component; the mole fractions, pi~r, u, z!, are func-
tions of position.
The thermal expansion coefficient, aL~u, v!, can

also be expressed as a departure from that of the base
glass, aL~0, 0!, as

aL~u, v! 5 aL~0, 0! 1 @aK 1 ~aTl 2 aK!u#pTl1

1 @aK 1 ~aNa 2 aK!v#pNa1, (2)

where u and v are exchange parameters for Tl1 and
Na1, respectively; aTl and aNa are the partial expan-
sion factors of the exchange oxides; aK is the partial
expansion factor of the diffusing oxide; and pTl1 and
pNa1 are the mole fractions of the two exchange ion
components corresponding to Tl1 and Na1 before ex-
change, respectively.
A number of different partial expansion factors are

documented in the literature,5,8,9 and some of these
have been applied with Eq. ~2! to determine the ther-
mal expansion coefficients for commercially available
glasses at an elevated temperature. These analyti-
cal predictions typically agree to within a few percent
of experimentally measured values.
According to the manufacturer, the distribution of

the Tl1, Na1, and K1 ions in Selfoc lenses is basically
parabolic.10 Therefore, the two exchange parame-
ters can be written as

u 5 v 5 1 2 xS rRD
2

, (3)

where x is a constant depending on the amount of
exchange ions remaining at the edge of the GRIN
lens; x typically has a value close to 1.0.
By combining Eqs. ~2! and ~3!, we see that the

distribution of thermal expansion coefficients is

aL~r! 5 a0 1 F1 2 xS rRD
2G@~aTl 2 aK!pTl1

1 ~aNa 2 aK!pNa1#, (4)

where

a0 5 aLO 1 aK~pTl1 1 pNa1!. (5)

In Eq. ~5!, aLO is thermal expansion coefficient of the
original glass.
If the glass rod were removed from the very hot salt

bath ~;540 °C! and rapidly cooled to room tempera-
ture, large aberrations would occur. These aberra-
tions would result in poor optical quality.
Consequently, the manufacturer reports that steps
are taken to decrease the temperature slowly and
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gradually.11 Therefore, it is reasonable to assume
that the temperature distribution within the rod is
uniform as the glass goes through its transformation
temperature.
The thermal stress distribution in a long circular

cylinder ~corresponding to the GRIN lens preform!
can be analyzed by the theory of elasticity.12 Refer-
ring to Fig. 1, we find that the temperature is as-
sumed to be equal to room temperature, T, and
independent of the coordinates. Under these condi-
tions, a state of plane strain is assumed in which the
axial displacement, w, is zero throughout. For the
radially symmetric case referred to the axis system
shown, all three of the shear stresses and shear
strains are zero.
The principal stress difference, RT, which will be

observed in a circular polariscope, is13

RT 5 sr 2 su 5
~T 2 Tg!E
1 2 v SaL 2

2
r2 *

0

r

aLr drD , (6)

where E is the elastic modulus and v is the Poisson
ratio. The thermal expansion coefficient, aL, is a
function of the radius.
Substituting Eq. ~4! into Eq. ~6!, we find that

RT 5 aG

x~T 2 Tg!E
2~1 2 v! S rRD

2

, (7)

where

aG 5 ~aTl 2 aK!pTl1 1 ~aNa 2 aK!pNa1. (8)

For a givenGRIN lens, aG is constant. The principal
stress difference given by Eq. ~7! is proportional to the
residual birefringence. It is clear from this equation
that the principal stress difference is radially sym-

Fig. 1. Coordinate system used for the analysis of thermal
stresses.
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metric and a parabolic function of the radius; it is zero
at the center of the lens, attains a maximum value
around the circumference, and decreases with in-
creasing room temperature. The value of RT can be
calculated by knowing the temperature and the me-
chanical and thermal properties of the lens.
It is important to point out that the results from

Eq. ~7! are accurate only if the material properties
~i.e., E, v, and ai! remain constant between room
temperature and the transformation temperature.
From a practical standpoint, these properties are af-
fected by temperature, especially when the glass is
close to the transformation temperature. The viola-
tion of this assumption causes an error when the
magnitude of the birefringence is calculated; how-
ever, the distribution remains the same.
For the above arguments to be verified, a 1-mm

diameter, 0.25-pitch, Selfoc, SLW-1.0, GRIN lens was
placed in the setup shown in Fig. 2. As shown in the
figure, the lens was illuminated by using a point
source of white light emitted from a multimode fiber.
The end of the fiber was positioned as close as possi-
ble to the GRIN lens so that the light emerging from
the lens was nearly collimated. The output from the
dark-field plane polariscope was observed on a diffus-
ing glass screen positioned immediately behind the
analyzer. Figure 3 shows the dark cross observed on
the screen when no loads were applied to the lens.
The cross formed parallel to the direction of the po-

Fig. 2. Experimental setup used to study the GRIN lens with a
white-light source and a dark-field plane polariscope.

Fig. 3. Combined isochromatic and isoclinic patterns obtained
from the setup shown in Fig. 2 for an unloaded GRIN lens.



larizers and rotated with them as they were rotated.
This behavior, characteristic of an isoclinic, defines
the principal directions of birefringence as radial and
tangential, confirming that the induced birefringence
is radially symmetric.
The isoclinic pattern was eliminated by inserting

one quarter-wave plate between the polarizer and the
lens and another between the lens and the analyzer.
The fast axis of one plate was aligned with the slow
axis of the other; both plates were inserted at 45°
with respect to the axes of the polarizers to form a
dark-field circular polariscope. In the unloaded
state, a circular black spot was observed at center of
the GRIN lens. This isochromatic pattern indicates
that the birefringence is zero at the center of the lens,
whereas the symmetry of the pattern confirms that
the birefringence is radially symmetric. The in-
crease in intensity with the distance measured from
the center to the outside of the lens signifies a corre-
sponding increase in birefringence.
To our knowledge, the phenomena described above

have not been previously reported in the literature.
Apparently, the speckles produced by the laser source
in Abdulhalim’s experiment precluded his group from
making these observations. It should be noted that
patterns similar to those obtained from the GRIN
lens have been observed when traditional optical
lenses are studied, even when the birefringence has
been carefully removed by the process of annealing.
This can be attributed to the well-known fact that the
transmission of light at the interface between two
different media is determined by the refractive indi-
ces of the media and the polarization state of the
impinging light. Even though the geometric factors
and material properties of the GRIN lens produce
effects similar to those observed in a traditional lens,
they are secondary when compared with the residual
birefringence introduced during fabrication. An ad-
ditional test was conducted to verify this assumption.
In this test, the temperature of the environment

surrounding the 0.25-pitch GRIN lens was elevated
to 100 °C and the lens was allowed to achieve thermal
equilibrium. When the lens was studied with a cir-
cular polariscope, it was observed that the size of the
central black spot increased significantly over that
observed at room temperature. Because the
changes in geometry and the index gradient are ex-
tremely small, the changes in the spot size can be
attributed only to the change in birefringence intro-
duced when the lens was produced.

3. Stress-Induced Birefringence

When diametrical compressive loads are applied uni-
formly along the length of the lens, a state of plane
strain is assumed. The stress-induced birefringence
may be calculated from the stress distribution in the
GRIN lens. Assuming that the loading conditions
are the same for all cross sections, we see that the
stress distribution is identical for all thin disks nu-
merically cut from the lens along the Z axis. Figure
4 shows a disk subjected to concentrated diametrical
line loads P across its thickness. In this case, the
stresses are given by14

sx 5 2
2P
pt F~R 2 y!x2

r1
4 1

~R 1 y!x2

r2
4 2

1
2RG , (9)

sy 5 2
2P
pt F~R2 y!3

r1
4 1

~R1 y!3

r2
4 2

1
2RG , (10)

txy 5
2P
pt F~R 2 y!2x

r1
4 2

~R 1 y!2x
r2

4 G , (11)

where

r1
2 5 x2 1 ~R 2 y!2, r2

2 5 x2 1 ~R 1 y!2. (12)

In Eqs. ~9!–~12!, sx and sy are normal stresses, txy
is the shear stress, and R and t are the radius and
thickness of the disk, respectively. The remaining
two shear stresses, txz and tyz, are zero, whereas the
longitudinal normal stress sz can be expressed in
terms of sx and sy by using Hooke’s law. For plane
strain, εz 5 0, and

sz 5 v~sx 1 sy!, (13)

where v is Poisson’s ratio.
When a light ray travels nearly parallel to the di-

rection of one principal stress, the contribution of that
principal stress to the temporary birefringence has a
negligible effect on the state of polarization ~SOP!.15
Because the light rays propagating within a GRIN
lens remain predominately in the paraxial region
~nearly parallel to the Z axis!, the contribution of sz to
the birefringence can be neglected and only the in-
plane stress components need be considered.
In the X–Y plane, the principal stresses are ori-

Fig. 4. Schematic diagram, showing a disk subjected to concen-
trated diametrical line loads and the associated rectangular stress
components.
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ented at an angle, u, measured with respect to the X
axis, where

u 5
1
2
tan21 S 2txy

sx 2 sy
D . (14)

The difference between the principal stresses sd is

sd 5 @~sx 2 sy!
2 1 4txy

2#1y2. (15)

Because the residual stress is radially symmetric, the
angle of orientation corresponding to the superim-
posed residual and stress-induced birefringence is
found simply by substituting Eqs. ~9!–~12! into Eq.
~14!. The result is
path by using the data from the previous step and by
applying the polarization properties of the medium.

Fig. 5. Coordinate system used for the analysis of the GRIN lens.
tan 2u 5 2

~R 2 y!2x
~R 2 y!2 1 x2

2
~R 1 y!2x

~R 1 y!2 1 x2
1

ptt
2P

sT

xy
R2

~R 2 y!
~R 2 y!2 2 x2

~R 2 y!2 1 x2
1 ~R 1 y!

~R 1 y!2 2 x2

~R 1 y!2 1 x2
1

ptt
2P

sT

y2 2 x2

R2

, (16)
where the quantity

sT 5 aG

xE~T 2 Tg!

2~1 2 v!
(17)

is the thermally induced residual stress at the cir-
cumference of the GRIN lens.
One can compute the difference between the prin-

cipal stresses, in contrast, first by applying a coordi-
nate transformation to Eqs. ~7! and ~8! and then
superimposing the result with the stress difference
found by substituting Eqs. ~9!–~12! into Eq. ~15!.
The result is

sd
2 5

4P2

p2tt
2 HF~R 2 y!

~R 2 y!2 2 x2

~R 2 y!2 1 x2

1 ~R 1 y!
~R 1 y!2 2 x2

~R 1 y!2 1 x2
1

ptt
2P

sT

xy
R2G2

1 4F ~R 2 y!2x
~R 2 y!2 1 x2

2
~R 1 y!2x

~R 1 y!2 1 x2

1
ptt
2P

sT

xy
R2G2J . (18)

4. Tracing the Polarization State

Before the diametrically loaded GRIN lens can be
modeled, it is necessary to develop an algorithm that
permits the state of polarization to be calculated
throughout the lens. The mechanics of polarization
ray tracing was recently summarized by Chipman.16
The basic method has two steps: first to determine
the coordinates of the ray intercepts at each interface
and the propagation vector by means of geometrical
ray tracing in the optical system, second to calculate
the evolution of the propagation vector along a ray
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The ray equation for an inhomogeneous medium is

d
ds Fn~r!

dr
dsG 5 ¹n~r!, (19)

where n~r! is the index of refraction and r is the
position vector of a point on the ray.
Several numerical methods have been developed to

trace rays traveling through an inhomogeneous me-
dium. The numerical algorithm developed by
Sharma,17 for example, transforms the ray equation
into a convenient form for numerical integration.
The approach defines a new variable and solves the
resulting equation by using a standard numerical
technique such as the Runge–Kutta method. Be-
cause of its simplicity and accuracy, Sharma’s algo-
rithm is adopted and modified to study the GRIN
lens.
The rectangular coordinate system shown in Fig. 5

was defined in an effort to solve Eq. ~19!. The optical
axis of the GRIN lens is assumed to be positioned
along the Z axis. A point source is located on the Z
axis at a distance zo, from the front surface of the
lens. After the light emitted from the source is re-
fracted by the lens, it intersects the Z axis in the
image plane located at a distance zi, measured from
the rear surface of the lens. The location of a point
on the light ray is given by position vector r~x, y, z!.
The expression describing the refractive-index dis-

tribution in the GRIN lenses is given by the manu-
facturer as18

n~r! 5 n0S1 2
A
2
r2D, (20)

where n0 is the refractive index at the center of the
lens, A is the index gradient constant, and r~x, y! is



Fig. 6. Flow diagram for ray tracing.
the distance from the optical axis. The refractive
index is constant along the Z axis.
The relative optical linear retardation is given by

Rr 5 Csd

tn~r!
Gz

, (21)

where C is the relative stress optic coefficient and Gz
is the direction cosine of the light ray with respect to
the Z axis; sd is obtained from Eq. ~18!.
The stress optic coefficient of the GRIN lens is rel-

atively low, and calculations that use Eq. ~21! show
that, when the lens is subjected to a load equal to 20
N, the temporary birefringence is of the order of 1 3
1024. This value is extremely small compared with
the change in index of refraction ~0.07! across the
lens, and neglecting it in the ray-tracing algorithm
will not significantly affect the path. Consequently,
when the ray-tracing algorithm is formulated for the
GRIN lens, the medium is assumed to be optically
isotropic.
From a conceptual standpoint, the calculation pro-

cedure starts by numerically slicing the GRIN lens
into a number N of thin disks, each having a thick-
ness equal to ~n D j!. This is illustrated in Fig. 5. It
should be noted, however, that in the formulation of
Eq. ~21!, the path length of the light ray propagating
through the disk is used, as opposed to the thickness
of the disk. The optical and mechanical properties
are assumed to be constant over the thickness of each
disk. Therefore, ray tracing is analogous to charac-
terizing ray propagation through N identical optical
elements.
As discussed by Chipman,16 the Jones vector pro-

vides a description of the polarization in the plane
normal to the direction of propagation of a ray; rela-
tions are defined with respect to two orthogonal ~lo-
cal! coordinate axes. In this paper, the state of
polarization is represented by a polarization vector
defined with respect to a global Cartesian axes sys-
tem. The angle between the propagation vector and
the Z axis is small because the paraxial ray is stud-
ied; consequently, the Jones vector can be defined by
two orthogonal global coordinates, X and Y, without
introducing large errors.
One can determine the state of polarization of the

light passing through the GRIN lens by assuming
that linearly polarized light rays emerge from a point
source. Each ray is initially traced through the lens;
Fig. 6 shows the flow chart for the procedure. The
position and propagation vector of the ray is com-
puted at each numerical interface. With the knowl-
edge of the position and the stress distribution in a
given element, one can calculate the temporary bire-
fringence. The Jones matrix is constructed and ap-
plied to determine the SOP of the light transmitted
through the element. The SOP from the first ele-
ment is used as the input for the second. The pro-
cess is continued over the length of the GRIN lens to
predict the final SOP.

5. Numerical Simulation of Light Intensity

The intensity modulation caused by mechanically and
thermally loading a GRIN lens in a dark-field plane
polariscope was numerically simulated. When apply-
ing the numerical model, one can assume the input
light to be of intensity I0 and linearly polarized at an
angle, ap, with respect to the x axis. After the input
light passes through the GRIN lens, the two normal
components of polarization are combined at the ana-
lyzer and the intensity for a given ray is calculated.
As suggested by Chipman,16 a ray can be consid-

ered to represent a small portion of the wave front at
the front surface of the lens that subtends a fixed
solid angle measured from the object point. Conse-
quently, the amplitude of the components in a Jones
vector represents an electric field times an area on
the front surface of the GRIN lens. By averaging the
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light intensities for all rays across the image, one
obtains a relative measure of the overall intensity.
Rigorously, the corresponding electric fields should

be added because the results may show interference
patterns. However, because of the existence of ab-
errations in the GRIN lens, the light rays from a point
source are not focused to a single point in the image
plane. When using an incoherent light source and
by collecting the light from the GRIN lens with a
multimode optical fiber, we find that the effect of any
interference is small. Therefore, the light rays may
be added by intensity instead of by electric field.
The procedure outlined above was applied to ana-

lyze a 1-mm-diameter, 0.25-pitch, Selfoc, SLW-1.0,
GRIN lens. The geometric and optical parameters
required for the computer simulation are listed in
Table 1.18
Because the fiber was positioned at a distance of

1.5 mm from the front surface of the lens, which had
an effective diameter of 0.6 mm, it was assumed that
all the light rays entering the lens were of equal
intensity. The analysis was performed using a 40 3
40 rectangular grid corresponding to the intersection
of the illuminating rays with a plane positioned at the
front face of the GRIN lens. Contour maps of the
intensity distribution in the paraxial focal plane,
where the size of the image is minimum, were plot-
ted. The fringe contours on each plot represent dif-
ferent values of the light intensity; the relative
intensity of each contour is included on the plots.
The intensity distribution for the case in which the

polarizers are oriented at 45° with respect to the
vertical and no external loads are applied is shown in
Fig. 7; the intensity distribution is similar to that
obtained in the experiments performed with a plane
polariscope and shown in Fig. 3. The match be-
tween the patterns confirms that the hypothesis and
the associated analysis for the residual stresses were
correct. The contrast of the pattern depends on the
level of the thermally induced stress in the GRIN
lens.
Figure 8, in contrast, shows typical intensity dis-

tributions obtained as the diametrical load was pro-
gressively increased from 0 to 20 N. In general, as
the load increases, the highly stressed areas under
the loading points become bright. The stress distri-
bution also changes and the dark cross, originally

Table 1. Parameters for the Numerical Simulation of a GRIN Lens

Parameters Values

N0 1.5986
R 0.5 mm
ze 2.61 mm
A 0.3612 mm21

C 2.74 3 1026 mm2yN
l 0.82 mm
Dj 0.01 mm
zo 1.5 mm
zi 2.0 mm
sT 20 Nymm
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observed along the directions of the polarizers at no
load, distorts. The intensity modulation caused by
the change in stress distribution ~isoclinics! and
stress level ~isochromatics! causes the overall inten-
sity to increase monotonically with load. Figure 9
shows a plot of the light intensity versus the diamet-
rical load as computed from this simulation.

6. Experimental Verification and Comparison

For these analytical results to be verified, a 1-mm
diameter, 0.25-pitch, Selfoc, SLW-1.0, GRIN lens was
placed in the setup shown in Fig. 2. The lens was
compressed by applying loads along the diameter
with a pneumatic actuator. As loads were applied,
the cross produced by the residual stress gradually
disappeared; two bright spots were observed at the
top and bottom of the pattern, close to the loading
points. The changes in the isoclinic pattern showed
that a redistribution of stress took place within the
lens; the patterns display characteristics similar to
those observed in Fig. 8.
After these observations, the screen was replaced

by a second multimode optical fiber, which collected
the light from the GRIN lens and guided it to a pho-
todetector. The position of the optical fibers was ad-
justed to maximize the coupling efficiency. Figure
10 shows the intensity of the light recorded from the
dark-field plane polariscope as loads were applied.
The increase in light intensity is nearly linear; the
nonlinear region at low load was partially attributed
to poor initial contact between the lens and the ac-
tuator.
The experimental and analytical results are best

compared by introducing the following definition13 for

Fig. 7. Intensity distribution at the image plane of an unloaded
GRIN lens.



Fig. 8. Intensity distribution at the image plane of a GRIN lens for ~a! P 5 4 N, ~b! P 5 8 N, ~c! P 5 16 N, ~d! P 5 20 N.
the sensitivity Sl:

Sl 5
DIyIh
DP

, (22)

where DI is the change in light intensity that occurs
when the diametrical load is modulated through DP.
Because Ih is the average value of the light intensities
observed when minimum and maximum loads are
applied, computed with

Ih 5
1
2

~IuP5Pmin 1 IuP5Pmax!, (23)

the sensitivity is expressed in terms of ~newtons!21.
In practice, the light intensity Ih is an important
parameter that can be used to define the sensitivity
required of the photodetector that receives the signal.
The numerical and experimental values computed
from Eq. ~21! are 0.0742 and 0.0756 N21, respec-
tively; the error is less than 2%.
7. Influence of Residual Stress on Sensitivity

The sensitivity of the transducer is affected by the
thermally induced residual stress level in the GRIN
lens. Unfortunately, the latter cannot be quantified
at present, because there is insufficient data with
which to calculate the value of an equivalent thermal
expansion coefficient. However, the maximum
stress level measured in other studies,7,8 in which the
change in mole volume was predominant, has been
reported as high as 1000 Nymm2. Because this is
not the case for the GRIN lens, the stress level was
assumed to be much smaller.
A study was performed by assuming that the max-

imum value of the thermally induced residual stress,
prescribed along the circumference of the lens, varied
between 0 and 60 Nymm2. Plots of the intensity
versus load are shown in Fig. 11. In general, the
intensity increases with increasing residual stress.
When the residual stress is zero, the response of the
transducer is the most nonlinear. The response is
nearly linear in the range between 40 and 60 Nymm2;
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Fig. 9. Light intensity versus the diametrical load as computed
from the numerical simulation.

Fig. 10. Plot of the intensity obtained from the plane polariscope
as diametrical loads were applied to the GRIN lens.
above this value the response again becomes nonlin-
ear. It is also important to note that the sensitivity
decreases with increasing residual stress. As the
maximum residual stress increases from 20 to 60
Nymm2, the sensitivity is reduced by 7.5 times.
From this analysis, it is evident that the ideal

transducer would be constructed by using a GRIN
lens that had a residual stress equal to approximately
40 Nymm2. This would result in the highest sensi-
tivity and the largest range over which the response
was linear. As discussed above, the level of residual
stress is mainly determined by the mechanical prop-
erties of the exchanging ions; this process may be
difficult to control.
Equation ~7! shows that the level of residual stress

is directly proportional to the ambient temperature.
Based on the use of the arguments outlined above, an
increase in the temperature will reduce the level of
the residual stress, leading to a more nonlinear re-
sponse and a decrease in sensitivity. These effects
could be minimized in future designs by reducing the
equivalent thermal expansion coefficient of the lens.

8. Error Analysis

The experimental results deviate slightly from those
obtained by using the numerical algorithm. Quan-
titatively, an error arises from the assumption that
light is launched from a point source along the optical
axis. Strictly speaking, this is not true because the
effective diameter of the GRIN lens is 0.6 mm and
light is launched from a distance of 1.5 mm by using
a fiber with a core diameter equal to 0.2 mm. To
eliminate the associated error, one would have to
Fig. 11. Intensity versus diametrical load at various levels of residual stress.
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consider the light rays coming from a distributed
light source. However, in this case, the on-axis and
off-axis points composing the distributed source
would produce similar light intensity distributions in
the image plane, and the trends we observed by con-
sidering a single on-axis point source would most
likely be analogous.
When the source is different from a point, other

intensity modulations may occur because of the ab-
errations ~spherical aberration, coma, astigmatism,
and distortion! caused by off-axis rays.19 In this
case, the stress-induced temporary birefringence
couldmodulate the aberrations, thereby changing the
spatial intensity distribution but not the average in-
tensity of the pattern. These effects could be impor-
tant to quantify, especially when the receiving fiber
has a relatively small diameter compared with the
spot size, as in the case reported by Abdulhalim and
Pannel.3 Because the light received by the fiber
would depend on its relative position with respect to
the spot, the change in aberration would strongly
influence the detected signal.
However, the effect described above can be mini-

mized by using a relatively large ~of the order of
200-mm! diameter multimode fiber to sample the im-
age plane. As a way to verify that such a fiber was
sufficient, one of the polarizers in the setup shown in
Fig. 2 was removed. Figure 12 shows a plot of the
light intensity versus the loads applied to the GRIN
lens. The intensity is nearly a constant, indicating
that changes in aberration within the lens do not
significantly affect the output from the photoelastic
fiber-optic transducer.

9. Conclusions

In conclusion, the potential of using a GRIN lens as a
coupling–sensing element in a fiber-optic transducer
has been demonstrated experimentally. The optical
response to load has been characterized by taking
into account the residual birefringence produced in
the lens during fabrication. The results from nu-

Fig. 12. Intensity versus diametrical load without the use of a
polariscope.
merical simulations agree well with the experimental
data, and numerical algorithmswere applied to study
the effect of residual stress on sensitivity. When a
plane polariscope configuration is used, the existence
of the residual stress in the GRIN lens actually re-
duces the nonlinear response of the transducer.

The authors acknowledge that many productive
discussions regarding the subject matter contained
herein were held with Don Gregory, Larry Pezzaniti,
and Shih-Yau Lu of the Department of Physics at the
University of Alabama in Huntsville.
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