
 
 

Hybrid Stress Analysis of an Ultra-Thin Conical Shell 
 
 
 

Jamal Franco 
Doctoral Graduate 

Department of Mechanical and Aerospace Engineering 
University of Alabama in Huntsville 

Huntsville, AL 35899 
 

Mark V. Bower 
Department Chair and Associate Professor of Mechanical Engineering 

Department of Mechanical and Aerospace Engineering 
University of Alabama in Huntsville 

Huntsville, AL 35899 
 

Teng K. Ooi 
Visiting Assistant Professor  

Department of Aeronautics and Astronautics 
Stanford University, Stanford, CA 94305 

Adjunct Assistant Professor 
Department of Mechanical and Aerospace Engineering 

University of Alabama in Huntsville 
Huntsville, AL 35899 

 
John A. Gilbert 

Professor of Mechanical Engineering 
Department of Mechanical and Aerospace Engineering 

University of Alabama in Huntsville 
Huntsville, AL 35899 

 
 
ABSTRACT 
 
This paper demonstrates how a combined experimental and numerical method (i.e., hybrid) was used to study the 
deformations and stresses in an ultra-thin conical shell designed for use as a mirror in a space telescope.  The shell was 
fabricated by electroplating materials onto a mandrel that was subsequently removed by thermal contraction.   
 
Excessive distortions were observed during profiling and a hybrid study was performed to determine the source(s) of error.  
Test coupons were cut from the shell to determine the material properties of the cobalt-nickel substrate and this data was used 
as input to a finite element model.  Profile and thickness measurements were used along with gravity and thermal loading 
conditions to determine residual stresses and strains.  Shape changes occurred when the conically shaped shell deformed 
under its own weight.  But since this effect will not significantly impact a telescope’s performance in space while operating 
under micro-gravity conditions, these deformations were extracted during the final analysis. 
 
Results show that the majority of the deformation was due to electroplating, as opposed to removal of the shell from the 
mandrel, and steps are being taken to modify the electroplating process. 
 
 
INTRODUCTION 
 
Since its launch on July 23, 1999, the Chandra X-ray Observatory has been NASA's flagship mission for X-ray astronomy, 
taking its place in the fleet of "Great Observatories" [1].  As illustrated in Fig. 1, Chandra’s telescope relies on four primary 
mirrors nested within each other, and four nested secondary mirrors lined up precisely behind the primaries.  The mirrors 

 



follow mathematical curves - the parabola and hyperbola - derived by slicing through an imaginary cone at different angles.  In 
Chandra, the mirrors are made of large pieces of special optical glass, meticulously polished to a precision shape and coated 
with iridium for reflectivity. 
 
 

 
 
 

Figure 1.  The optical train of Chandra’s space telescope contains four pairs of mirrors. 
 

X-ray telescopes are very different from optical telescopes, because with their high energies, X-ray photons will simply pass 
through a conventional mirror.  To solve this problem, Chandra's mirrors are barrel-shaped so that soft X-rays (below 10 keV) 
are deflected into the instrument like stones skipping off water.  In a Wolter I design [3], like that used for Chandra, incoming 
photons undergo two reflections, the first from a parabolic surface and the second from a hyperbolic surface, to give an image 
that is essentially coma free. 

Researchers would like to see telescopes operate in the hard-X-ray range but the development of hard-X-ray focusing optics, 
with high sensitivity and fine angular resolution for operating at energies approaching 100 keV is challenging [2].  To overcome 
the problem associated with the critical angle below which X-rays can be efficiently scattered from smooth surfaces, 
researchers employ a large number of mirror shells and as long a focal length as possible.  For convenience, they nest shells 
in a mirror module and use multiple modules, each with its own focal plane X-ray detector.   

One approach for producing hard-X-ray optics is to develop mirrors from hundreds of curved foils, and to coat these foils to 
enhance high-energy reflectivity.  Although much progress has been made with these coatings, they place stringent 
requirements on surface micro-roughness and require the precise deposition of hundreds of very thin layers of material on the 
inside of each mirror shell. 

A more attractive and less costly approach is to produce full-shell shallow-graze-angle iridium-coated replicated mirrors by 
using electroformed nickel replication [4,5].  The advantage of the electroforming approach is that complex coating procedures 
are avoided.  The process lends itself readily to the multiple-mirror-module approach that small graze angles necessitate and 
the resulting shells provide excellent angular resolution that results in high sensitivity observations.  This in turn translates 
directly into greater sensitivity through reduced focal spot size.  Finally, with the use of high strength alloys one can achieve 
the stringent weight budgets that space-based missions require. 

During the mirror fabrication process, nickel mirror shells are electroformed onto a figured and superpolished aluminum 
mandrel from which they are later released by differential thermal contraction.  Figure 2 illustrates that the resulting mirror 
shells are full circles of revolution.  This makes them have good structural stability permitting good figure accuracy, and hence 
very good angular resolution.  But since nickel has a high density, researchers must make very thin shells to achieve the 
lightweight optics necessary to keep launch costs reasonable. 

 



 

Figure 2.  A thin shell mounted in a support ring.  Photo by Carl Benson, NASA/MSFC. 

The shells must be strong enough to withstand the stresses of fabrication and subsequent handling without permanent 
deformation. They must also be electroformed in an ultra-low-stress environment to prevent stress-induced distortions once 
they are released.  In short, the challenge is to maintain high angular resolution despite small weight-budget-driven mirror shell 
thickness.  These requirements make shells extremely sensitive to the fabrication process and handling stresses.  

The current mandrels used for electroforming represent conical approximations to Wolter-I geometry and typical metrology 
gives a performance prediction for the shells of around 8 to 10 arcsec half-power diameter (HPD), meaning half the reflected 
flux from a point source falls within this angular range.  But X-ray tests reveal shell performances in the 13- to 15-arcsec range 
with modules running around 17-arcsec HPD [5,6].   
 
The difference between the predicted performance and the actual shell measurements is attributed to minute figure distortions 
due to residual stresses developed during the shell fabrication process.  Requirements for this task are quite severe because 
the processing must be done reasonably near room temperature, as large temperature changes will modify the figure of the 
mandrel.  To ensure high-quality optics, improvements are continuously being made in material strength, adhesion and 
release, and plating-bath stress control [7,8]. 
 
In a recent study, laser techniques were used to profile an electroplated shell after it was manufactured.  When the shell was 
positioned vertically on a flat surface, profile measurements showed that distortions in the mirrored surface would create 
excessive optical distortions in the telescope system.  It was hypothesized that anomalies in the shape of the shell were due to 
residual stresses developed either during the electroplating process or while the shell was thermally removed from its mandrel. 
 
This paper demonstrates how numerical and experimental methods were used to study this problem.  A simple heat transfer 
model was employed to determine the temperature distribution across the shell and thermal stresses were computed by 
closed form solutions.  Then a finite element model (FEM) was developed to replicate the electroplating process.  This model 
was employed to determine the stresses and strains that resulted from differences in thermal expansion of the materials during 
the separation process.  The results taken from these models were combined with experimental data in another one layer FEM 
developed to determine the residual stresses and deformation under micro-gravity conditions. 
 
 
CONICAL SHELL MANUFACTURING PROCESS 
 
Figure 3 shows the test article developed for this study.  It consists of an ultra thin shell that is slightly conical in shape so that 
it can be easily removed from the mandrel.  The mirror is 23 in. long and, for test purposes, one end has a parabolic shape 
and whereas the other end is hyperbolic.  Since the inner surface serves as a mirror for high resolution optical imaging, the 
shape of the shell must be carefully controlled during the manufaturing process. 
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Figure 3.  Shell dimensions (in.). 
 
 
The production of this mirror involves several steps.  The first step is the fabrication of an aluminum mandrel with a radius of a 
few thousandths below that required for the shell.  The mandrel is then coated with a thin layer of electroless nickel to give a 
hard surface suitable for polishing and the mandrel is then accurately figured using a cylindrical grinding machine.  A 
mechanical super polish then takes place that is sufficient to ensure that scattering does not dominate the mirror’s 
performance up to the cut-off energy. 
 
To prepare for electroforming, the surface of the mandrel is treated to form an oxide layer from which the shell can be easily 
released, and the mandrels are immersed in the plating tank.  A typical shell takes approximately 1 day to electroform, at 
which time the mandrel is taken from the bath, rinsed and dried and then cooled to separate the shell from the mandrel.  This 
is done simply by immersing the assembly into a dewar of liquid nitrogen and then sliding the mandrel from the shell when 
release takes place. 
 
A lengthwise cut through the shell is shown in Fig. 4.  The upper layers of gold and cobalt-nickel are separated from the 
mandrel by injecting liquid nitogen into its interior.  The process utilizes the differences in the thermal coefficients of expansion 
of the materials and the relative bond strength between the layers to release the top two from the mandrel.  The final 
configuration consists of an ultra thin, open ended, conical shell, with a gold mirror on the inside and a cobalt-nickel substrate 
on the outside. 
 

 
 

Figure 4.  A lengthwise cut through the shell. 
 
 
EXPERIMENTAL MEASUREMENTS 
 
A series of experimental tests were conducted to support this research including thickness measurement, profiling, and yield 
stress determination.  The shell was positioned vertically and profile measurements were taken on the inner and outer 
surfaces along four meridians: 0, 90, 180, and 270 degrees.  The average of these measurements was taken to obtain the 
thickness over the height.  
 

 



The shell profiles were measured in two separate runs [9].  The parabolic section was profiled first.  Then the shell was 
inverted and the hyperbolic section profiled.  Measurements were taken along four meridians: 0, 90, 180, and 270 degrees in 
each section. 
 
Figure 5 shows the deviation from the design geometry in the parabolic section obtained by averaging the profile 
measurements taken along the four meridians.  The shell is supported at a height of zero (0.0 in.).  If the shell contour were 
perfect, the curve would fall along the x-axis.  But it is evident that the surface bulges outward.   
 
A maximum deformation equal to 325 micro-inches occurs at 4.33 in. from the bottom.  Three local maxima are observed on 
the curve and the deformation decreases to zero at a height of 11.5 in., which corresponds to the mid-section of the shell. 
 
 

 
 

Figure 5.  Parabolic shell profile [9]. 
 
 
The deviation from the design geometry in the hyperbolic section is shown in Figure 6.  Since the shell was inverted, the 
support corresponds to the height of zero (0).  Again, the shell bulges outward and a maximum deformation equal to 225 
micro-inches occurs at 0.62 in. from the bottom.  Six local maxima are observed and the deformation decreases to zero at the 
mid-section, which corresponds to a height of 11.5 in. 

 
 

 
 

Figure 6.  Hyperbolic shell profile [9]. 
 

A third test was performed to determine the yield and the ultimate stresses of the cobalt-nickel substrate following the ASTM 
Standard Coupon Specimen Test #ASTM E8-99 procedure.  The stress-strain curve for this test is plotted in Figure 7.  
 

 



  
 

Figure 7.  Stress-strain curve. 
 
 
 
The test specimen failed at an axial load of 2,637 lb and the ultimate stress is estimated to be 225 ksi.  The yield stress of the 
material was determined to be approximately 65 ksi based on the 0.2% offset method.  As illustrated in Fig. 8, test specimens 
did not exhibit any necking prior to failure and the fracture surface was normal to the longitudinal axis of the specimen, 
behavioral traits characteristic of a brittle material. 
 
 
 

 
 
 

Figure 8.  Failed test specimen.  

 



THERMAL STRESSES 
 
A thermal finite element model was generated to determine the temperature distribution around the edges of the layers.  The 
model consisted of three layers only: aluminum, nickel, and cobalt.  The gold film was not included due to its small thickness.  
The aluminum layer was modeled on the inside with the cobalt layer on the outside; a linear temperature gradient was 
assumed across the layers.  The inside temperature corresponed to that of liquid nitrogen (–242oF) while a temperature of 
70oF was prescribed on the outside.  The gold was assumed to be at the same temperature as the cobalt-nickel boundary 
when the results for the temperature distribution were used to determine the mechanical stresses within the layers. 
 
The results of this analysis are listed in Table 1.  The data in the second column shows that a significant temperature 
difference occurred across the aluminum mandrel. 
  
 

 

THERMAL STRAIN AND THERMAL STRESS 

LAYER NO. T(F) µεθTHEORY 
(in/in) 

µεθFEM 
(in/in) 

σθTHEORY 
(psi) 

σθFEM 
(psi) 

% DIFFERENCE 
STRESS 

1 -134 -1,478 -1,450 -208 -227 -9.0 
2 -78 -1,478 -1,450 -30,500 -28,700 -5.9 
3 -42 -1,478 -1,450 -10,850 -12,000 -10.0 
4 -42 -1,478 -1,450 -30,500 -31,000 -1.6 

Table 1.  Thermal strain and stress 
 
 
Columns four and six show the thermal strains and stresses obtained from the finite element model.  These quantities were 
also determined theoretically [10], and the results are listed in columns three and five for comparison purposes.  The 
differences between the values obtained from the theoretical and FEM solutions were computed and the margins of error 
reflected by the values listed in the last column (less than 10%) demonstrate a good agreement. 
 
The stress in layer five was determined to be constant along the length of the shell except for the top and bottom three inches 
where the effect of the mandrel covers was observed.  The covers acted as stiffeners that prevented the shell from shrinking 
and they displayed the highest stresses. 
 
 
FINITE ELEMENT ANALYSIS 
 
The finite element models (FEM) used to analyze the shell were generated using MSC/NASTRAN.  Two structural models 
were developed. The first replicates the process used to separate the mirror from the mandrel while the second duplicates the 
experimental configuration used when profiling the surface.  Detailed descriptions of these models follow. 
 
The purpose of the first model was to replicate the as built configuration of the shell during the electroplating process. This 
model consisted of the following layers: the aluminum mandrel, nickel, gold, and cobalt-nickel.  The mandrel covers were 
made from aluminum.  
 
One layer was generated for each material and the layers were combined into one composite material.  During the analysis, 
the layers were assumed to be in contact; i.e., no gaps between layers. 
 
Since the shell is hollow, the model was meshed using 4-noded quadrilateral elements.  A total of 6,571 elements and 7,225 
nodes were generated.  All materials were assumed to be linearly elastic and isotropic. 
 
A temperature gradient was the only load applied to the structure.  To this end, a temperature of -242°F, corresponding to that 
of liquid nitrogen, was applied onto the inside nodes of the mandrel.  The outside of the substrate was assumed to be 72°F 
corresponding to the ambient temperature at which the electroforming of the layers is performed.  Since separation occurs at 
32°F, a temperature gradient of 40°F was applied to the remaining structure. 
 
During the analysis, the shell was supported at the bottom by twelve equally spaced supports.  It was constrained in six 
degrees of freedom, three rotational and three displacements, and a gravity load was applied in the negative (-Ζ) direction. 

 



DISCUSSION 
 
The stresses and deformations for all of the load cases discussed above are summarized in Table 2.  It is evident that the 
stresses and strains are higher in the parabolic section than in the hyperbolic section.  The maximum and minimum radial 
deformation of the parabolic section under the gravity load is ±26.5 micro inches indicating that the profile oscillates over the 
height.  
 
 

Description σmax  (psi) Deformation (micro-in.) 
Parabolic - Gravity 173 ±27 

Parabolic Test Measurements 823 306 
Parabolic - Residual 681 280 
Hyperbolic - Gravity 135 ±25 

Hyperbolic Test Measurements 653 197 
Hyperbolic - Residual 525 172 

 
Table 2. FEM results summary. 

 
 
The results from the profile tests were used to prescribe radial displacements as a function of height so that the effects due to 
gravity could be eliminated.  As illustrated in Fig 9., the highest residual stress (681 psi) occurred in the parabolic portion of the 
shell where the maximum deformation was equal to 280 micro-inches. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9.  Residual stress (left) and residual strain (right) in the parabolic section. 
 
 
The conical geometry of the shell produces a stress gradient through the thickness making stresses different for elements 
located on the inside and outside surfaces.  The shell is shown with an exaggerated taper in Fig. 10 to illustrate this point.  
 
The free body of a slice through the shell is shown to the left.  The distributed weight can be modeled as a concentrated load 
acting through the centroid of the loading diagram.  The segment shown to the right corresponds to a cut through section a-a’.  
At point P, there is a downward force (Fcut ) that creates axial and shear forces.  The bending moment (Mcut) paces the outside 
surface of the shell in compression and the inside surface in tension.  The compressive normal force superimposes with the 
axial force due to bending to create the stress gradient.  
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Figure 10.  A section passed through point P experiences axial compression, shear, and bending. 
 

 
The geometry causes the shell to collapse on itself and Table 3 presents evidence of this.  Results are tabulated for elements 
located on the inside and outside of the shell in the parabolic and hyperbolic sections where the stresses are the highest. 
 
 

Description σmax (psi) 
Inside 

σmax (psi) 
Outside Bending Stress (psi) Residual σmax (psi) 

Parabolic 681 704 -23 681 
Hyperbolic 446 369 77 369 

 
Table 3. Residual stress. 

 
 
The reason for the higher stresses in the parabolic section could not be determined analytically.  But upon further discussion 
with design personnel, it was determined that the bolt patterns used to seal the covers on the mandrel were different.  The 
bolts on the parabolic end of the shell had to be over torqued to seal the cover thus creating a temporary deformation in the 
mandrel. 
 
 
CONCLUSION 
 
Results taken from a hybrid model built to determine the residual stresses in a hard-X-ray telescope mirror show that most of 
the internal stress was generated during the electroplating process as opposed to removal of the substrate from a mandrel.  A 
portion of the deformation was attributed to the shell deforming under its own weight and a combination of axial compression 
and bending occurred due to the shell’s conical shape. 
 
The study showed that the separation process does not contribute significantly to the residual stress so long as the thermal 
gradient produces stresses that are below the yield stress of the substrate.  Yield occurs when the gradient is approximately 
80 degrees Fahrenheit. 
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