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ABSTRACT

The Panoramic Annular Lens (PAL) consists of a single piece of
glass with spherical surfaces that produces a flat annular image of
the entire 360 degree surround of the optical axis of the lens. An
annular-shaped image of the surroundings of the lens can be
imaged onto a film or sensor by the use of a transfer lens. When
coupled with standard optical techniques, the unique imaging
characteristics of the PAL provide powerful new tools for
experimental stress analysis.

This paper describes the attributes of the PAL and presents an
analytical formulation which shows that the PAL maps elements
from object to image space via a constant aspect ratio polar
mapping. These arguments are verified, first, by comparing the
results obtained from the analytical formulation to images recorded
through a PAL imaging system. Then, the results are compared
with the mapping function established by using a ray tracing
program written specifically to accommodate the PAL's unique
geometry. The results obtained from these different formulations
agree to within two percent.

1 INTRODUCTION

Inspection and measur‘ement inside cylindrical cavities requires
capturing a large field of view and presenting information in a
fashion suitable for analysis. Attempts to produce optical systems
capable of viewing continuous field panoramic images have been
attempted many times, and were first patented in the 1880s [1].
Most panoramic imaging systems have met with limited success.
Simpler systems with fewer optical elements tend to give
discontinuous images, containing breaks or overlaps in the image
[2], and more complex systems tend to be large and cumbersome,
consisting of numerous optics and mirrors [3]. The Panoramic
Annular Lens (PAL), however, provides an excellent solution to
many of the problems associated with panoramic imaging [4].

As shown in Figure 1, the PAL is a single element imaging block
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comprised of three spherical optical surfaces, and one flat optical
surface. Two of the spherical surfaces, shown as heavier lines on
the figure, are mirrored while the third spherical surface and the
flat surface are not. Rays leaving points A and B are refracted
upon contacting the first spherical surface, and reflect off the rear
mirrored spherical surface. They travel forward in the lens and
strike the front mirrored spherical surface. Reflected back, the rays
are refracted at the rear flat optical surface and diverge as they exit
the lens. The divergent rays leaving the flat optical surface at the
back of the PAL can be "back traced” to form virtual images
corresponding to points A and B at the points labeled A’ and B'.
A biconvex lens, labeled as the collector lens, forms real images of
these internal points at A" and B". Imaging all points contained
within the field of view produces a flat annular image.

Fig. 1 Panoramic annular lens system.



The PAL has been used extensively for making inspections and
measurements within cylindrical cavities and pipes. The associated
applications, collectively referred to as radial metrology, either rely
on visual inspection [5-7], structured light [8-11], holographic
displacement analysis [12,13], time-average modal analysis [14],
speckle metrology [15-17], or moire techniques [18]. Besides these
applications in radial metrology, the PAL has been suggested as
part of the guidance system for a ballistic missile [19], to capture
panoramic images during spacecraft docking [20] and as a horizon
sensor in a tethered satellite [21]. Work has also been performed
to linearize the annular images to facilitate human viewing [22-24].

In all these studies, attempts to quantitatively analyze and linearize
PAL images have relied on the experimental determination of the
mapping characteristics from object to image space; an analytical
representation has not yet been established. In the case of radial
metrology, the lack of this knowledge makes it difficult to quantify
a priori how much information can be obtained from a given cavity
and the accuracy to which that information can be determined. It
is also difficult to make meaningful comparisons between the PAL
and more conventional lenses. These comparisons could be very
important since they would help researchers to select the best
imaging system for a given application.

This paper describes the attributes of the PAL and presents an
analytical formulation which shows that the PAL maps elements
from object to image space via a constant aspect ratio polar
mapping. The results of the analysis are compared to those
obtained from experimental data, and from the method of ray
tracing.

2 The PANORAMIC ANNULAR LENS (PAL)

Further discussion of the PAL is simplified by establishing the
coordinate system shown in Figure 2.

X=psinacosd =rcosd
Y = psinasin @ = rsin @
Z=poosa

Osasw

0<s0s2r

Fig. 2 Coordinate system and spherical coordinates used for
radial metrology with a PAL.

The optical axis of the lens is defined by a line perpendicular to
the flat surface which passes through the centers of curvature of the
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three spherical surfaces. A longitudinal axis, labeled Z, is chosen
to coincide with the optical axis. Two other axes, labeled X and
Y, are established in a plane defined by the physical equator of the
lens. They are chosen to form a right handed triad with the
longitudinal axis. Spherical coordinates (p,0,8) may also be
defined with respect to the origin.

In Figure 2, the angles o and © are called the field angle and the
radial position angle, respectively. The field angles corresponding
to the points labeled A and B in Figure 1 are approximately 65°
and 110° respectively. They define the limits on the field of view
for a 38mm (1.496in) diameter PAL made from Schott SF14 glass
(n=1.76) and are referred to as the upper and lower field angles,
respectively.

When the area between the upper and lower field angles is rotated
around the optical axis through a radial position angle of 27, a
cylinder is described. This is illustrated in Figure 3 which shows
the PAL and its continuous field of view. A collector lens is
shown in the figure along with the annular image mapped by the
collector lens into the flat image plane. The viewing of three
dimensional cylindrical space as two dimensional flat space is
referred to as flat cylindrical perspective [5].

Fig. 3 Panoramic annular lens and its field of view.

The upper and lower field angles are a function of the index of the
glass used in the PAL, with higher index glasses giving larger
values for both. By changing the index of refraction, the field of
view may be adjusted. This is an important consideration for radial
metrology, since a better perspective of the cavity is obtained when
the field of view subtends the equatorial plane.

3 CONVENTIONAL POLAR MAPPING

The PAL is designed to map a cylindrical field of view onto a flat
image plane as a ring shaped annulus as opposed to a conventional
lens which is designed to map a flat plane perpendicular to its
optical axis to the image plane. When a conventional lens is used
for radial metrology, a cylinder, whose inside surface is composed



of a uniform grid of squares, is mapped into the image plane as a
series of evenly spaced concentric rings representing equally spaced
lines drawn around the circumference of the cylinder; radial lines
represent the longitudinal lines drawn along the length of the
cylinder at constant circumferential positions [25]. Figure 4, for
example, shows a conventional polar map of a cylinder divided into
twenty four squares around its circumference and twelve squares
along its length. It can be seen in the figure that the polar
segments representing the squares vary in shape as well as size
radially in the image. Segments toward the center of the image are
longer in the radial direction than in the circumferential direction;
whereas, segments toward the outer edge of the image are
considerably longer in the circumferential direction than they are
in the radial direction. Only a few elements appear to have the
same height and width.
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Fig. 4 A conventional polar map is recorded when a
conventional 35mm lens is used to photograph a square grid
wrapped around the inside wall of a cylinder.

Since the direction of "height" and "width" are somewhat arbitrary
for radial metrology, they must be defined. In real (or object)
space, height is measured as a longitudinal distance relative to the
optical axis of a lens; width corresponds to a circumferential
distance measured around the axis of the lens. In image space,
height is measured as a radial distance relative to the center of an
image; width corresponds to a circumferential distance measured
around the image center. Once these parameters are established,
it is possible to compute a real space as well as an image plane
aspect ratio, defined as the height of the area divided by its width.

Figure 4 illustrates that, in the case of the conventional lens, square
elements having a real space aspect ratio of unity are mapped to an
image comprised of segments which have different image plane
aspect ratios. As opposed to this polar map generated by a
conventional lens, it will be demonstrated in the following section
that a PAL maps the same uniform grid of squares into elements
having constant image plane (polar) aspect ratios.

4 CONSTANT ASPECT RATIO POLAR MAPPING

Figure 5 shows a polar segment extracted from a polar mapping.

Fig. 5 A typical segment generated from a polar map.
The area of a polar section shown in Figure 5 can be written as:

AREA = (mrl-mt})é (¢))

where ¢ is the fraction of a circle subtended, and is dimensionless.
Factoring Equation 1:

(wrl-mtl)g = wp (x2-17) = w (r, 1) (r,*1;) - @

It can be seen in the figure that (r-r,) is equal to the radial
height, Ar, of the section. The arc lengths s, and s; can be written
as the product of their respective radial distapces r, and r; and 6,
the angle they subtend measured in radians. Therefore, the term (r,
+1,) can be written as the sum of the arc lengths of the inside and
outside edges of the element divided by 6. The angle ¢ is
equivalent to 6 divided by 2n. Finally, the sum of the arc lengths
of the inside and outside edges of the element divided by two is
equal to the arc length, (s), at the midpoint of the radial height of
the element. These observations allow Equation 2 to be rewritten
as:

2 2 So*S;
mp 1) = (an)| =

+ s, (&)
(gl

=(Ar)s,, .

The above equation shows that the area of a polar segment is equal
to the radial height times the midpoint arc length. Thus the area
and aspect ratio for a polar type segment are given by
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A polar map consisting of elements having constant polar aspect
ratios can be constructed by considering Figure 6 which shows two
consecutive segments in the image plane.

Fig. 6 Consecutive constant aspect ratio polar segments.

For these segments to subtend the same angle, the outside arc
length of the inner element must be equal to the inside arc length
of the outer element. Assuming the aspect ratios of the two
elements to be equal:

Ar, B Ar, -

slm Som

K. 5)

Rewriting in terms of the inner and outer radius arc lengths:
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[ Slo*sn) (Szo*szi) ©
2 2

¢
Writing the arc lengths as functions of radii drawn from the image
center:

o Ty T Ty

9(] 0(20] ' @
2 2

Multiplying both sides by 6/2:

Tio Ty Too Ty ®)

TotTsi Tl
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cross multiplying:

(7167T35) (T0*Ty) = (T T5) (T17T35) ®

expanding:

10720 T10T2i T1if20 T1i2i = F20T 10 20T 1i Tail 10 Tail i 10

and simplifying:

2ry 1y = 20,05, (11)

This result can be rearranged to show that the ratio of the inner and
outer boundary radii of each polar segment is constant for constant
aspect ratio segments. That is:

e (12)

The above result can be used to determine the radial dimensions of
subsequent polar segments once an initial segment has been
established. The circumferential arc length of a polar element
increases with increasing radial distance from the center of the
map; consequently, the respective areas of sequential polar
elements are different even when the aspect ratio of the elements
remain constant.

An initial segment can be determined by picking a radial distance
on the map, and calculating the arc length subtended for a specific
angle 6. Using this distance as the midpoint arc length for the
segment, the following relationship can be written:

g 20T a3)

m  m 2

To retain constant perspective, the midpoint arc length must also
be equal to the radial height of the element divided by the aspect
ratio, which in equation form is:

| e 1
sm=rm0=—AK—r= oy (14)

Equating the right hand sides of Equations 13 and 14:

ri+r° : ro—ri (15)
2 K

=T, Zaa A (16)
2-x6

and solving for r.:




Substituting the latter into Equation 15:

2+k0 2x0
1.0=%;1 =ri(2~|d))—ri =ri(2—x0) . an

Finally, solving Equation 17 for r; in terms of ry:

2-x6
L= . 18
f} rm( 5 ) (18)

The expression for r, can be derived in the same fashion, and is:

2+x0
= . 19
T, rm( > ) (19)

Now that r, and r; have been established for one element,
subsequent elements can be determined using the ratio of r; and 1,
in Equation 12, as follows:

T, T

oo D (20)
I, Iy

where 1, is the outside radius of the next constant aspect ratio polar
segment away from the center of the map. An alternative
expression is:

e (21)

in which case 1, is the inside radius of the next constant aspect
ratio polar segment towards the center of the map.

Fig. 7 A constant aspect ratio polar map is recorded
when a PAL is used to photograph a square grid
wrapped around the inside wall of a cylinder.
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The above procedure was followed to generate Figure 7 which
corresponds to a constant aspect ratio (with k = 1) polar map for
a cylinder with twenty four divisions around the circumference (15°
increments), and twelve units of longitudinal length.

5 RELATIONSHIP BETWEEN OBJECT AND IMAGE SPACE

When a constant aspect ratio polar map is obtained in radial
metrology, it is essential that the positions of points located in real
space can be related to those in the image plane. To this end,
consider the cylinder and the coordinate system shown in Figure 8.

Fig. 8 Coordinate system axes and angles.

The axis collinear with the axis of the cylinder is labeled Z, and
the orthogonal radial axes are labeled X and Y, respectively. The
assumption is made that the upper edge of the cylinder is mapped
to the inside radius of the polar map. The size of the radius chosen
in the image plane defines the scaling factor for a geometrical
construction and, in an actual PAL system, is determined by the
magnification of the collector lens. The distance, d, measured from
the upper edge of the cylinder to a given point located on the wall,
is equivalent to a circumferential arc length which may be
computed using:

d=r1.,0 22

where 1 is the radius of the cylinder. The corresponding radius
on the polar map is obtained by solving Equation 22 for 8, and
substituting into Equation 16, which gives:

re-t, el | 23)
 2ry-xd

In practice, knowledge of the angular position with respect to the
coordinate system provides important information even when the
absolute dimensions of the cylinder are not known a priori. This
knowledge can be obtained by considering Figure 8 in which lines



drawn from the origin to the upper and lower edges of the cylinder
make angles of o, and o, respectively, with the positive Z axis.
The angle formed by a line drawn from the origin to a point
located at a distance, d, below the upper edge of the cylinder is o,

The angle o, can be written in terms of the distance from the
origin to the top of the cylinder as follows:

|
ot (@) = - . 4)
o

Angle 0, can be expressed in a similar fashion as:

1 -
cot (@) = — = ——-— . (25)

Substituting Equation 24 into Equation 25 and solving for d/r.y:

4. cot (a,)-cot () - (26)
Tt

Solving Equation 23 for d/r,;:

d. 3[’d"i
o K Ia'T

) ’ @n

-

Setting the right hand sides of Equations 26 and 27 equal, and
solving for cot(0t,):

K| ry+r;

— =w(a“)‘z[ﬁ] . o8

Finally, solving Equation 28 for oy

P tan" K(rd+ri)tan (au) (29)
¢ K(rg')-2(r,T)tan(e,) )

.

Equation 29 shows that when the angle from the origin to the upper
edge of a cylinder is known in real space, the angle from the origin
to any point can be determined from measurements taken in the
image plane.

6 VERIFICATION OF THE MAPPING CHARACTERISTIC

An experimental procedure to determine the parameters necessary
to compare the results predicted by the above equations with a
photograph actually taken through the PAL was recently reported
[26]. The PAL was mounted in a vertical position on a CCD video
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imaging system with a resolution of 512 by 512 pixels. Three
vertical target boards were placed a constant distance from the
optical axis of the lens at 120° spacings; this configuration ensured
that the PAL was aligned with the targets. Marks were placed on
the targets corresponding to the lowest and highest points which
could be seen in the PAL image. The angles which the marks on
the target made with respect to the optical axis of the lens were
then calculated. Upper and lower field angles of 64°and 107.7°
were obtained.

During these tests, the radii of the inside and outside edges of the
annular image were found to be 100 and 188 pixels, respectively.
Equation 28 can be rewritten to solve for the aspect ratio of the
image (with r, and o, substituted for r, and o) as follows:

.- ( 2 Iro‘ Ti] ) (30)
cot(a,)-cot(a,) AT+ 1;

An aspect ratio of 0.7574 is obtained when the values reported are
substituted into this equation.

The first step in generating the polar map is to arbitrarily choose
a value for the outer radius of the annular image. Then Equation
27 is rearranged to solve for the inside radius of the map as
follows:

) [z_x(cot(au)—cot@o))] . (31)

70| 24x (cot(er,)-cot(e, )

Assuming that r, = 6.99cm (2.75in) and using ¥=0.7574, 0,,=64°,
®,=107.7°, Equation 31 gives a value r; = 3.72cm (1.463in).
Equation 31 can be rearranged once more to establish the radial
distances corresponding to the 15° grid squares as follows:

) [2+x(cot(au)00t("‘o))] ) (32)

Ta 11| 27x (cot(a, ) -cot(a, )

The map shown in the lower half of Figure 9 was obtained using
Equation 32 and reducing the field angle from 107.7° in 15°
increments. The upper half of the figure shows a photograph taken
through the PAL of a 15° grid of white and black squares placed
in an actual cylinder.

An alternate method of verifying that the PAL produces a constant
aspect ratio polar map is to compare the results obtained above
with those obtained by ray tracing. In [26], the PAL was modeled
with a ray tracing program written specifically to accommodate the
lens' unique geometry. Rays were traced from an imaginary
cylinder through an analytical lens model, and the locations of the
focus of groups of rays were plotted. The distance to various
points of focus from the inside radius of the annular image was
determined by the location from which rays originated on the



imaginary cylinder. By plotting numerous rays from different
positions on the imaginary cylinder and their respective focal point
locations, a graph showing the theoretical mapping function of the
lens was generated. A third order curve was fit to the data; the
mapping (or "linearization") function obtained was:

Image Height =0.1011[i]+0.0691(—"_]2+0.0084(i}' 33)
rq,l rql rcyl

In this case, the value of the distance measured from the highest
visible edge of the cylinder to the point in question divided by the
radius of the cylinder, d/r,,, ranged from O to 0.95; the image
height was measured from the inside radius of the image outward.

Fig. 9 A comparison of the analytical polar map to a
photograph of a square grid taken through a PAL.

A comparison can be made with the constant aspect ratio polar
mapping equations developed earlier using Equation 24 twice: first
to establish the aspect ratio for the map, and then to describe a
continuous mapping function. The inside radius of the image, r;,
was reported [26] to be equal to 0.13738 in. The outside image
radius, r,, is found by adding the inside radius to the image height
predicted by Equation 33 at {d/ty}p., as 0.30299 in. Solving
Equation 27 for x, substituting the outside radius of the image for
1, and using {d/T.,}.m. gives the following expression for the

aspect ratio:
N Y ') (34)
rap N d )

Substituting known values, x = 0.79173.

Solving Equation 27 for r, gives an expression for the radial
position of any point in the constant aspect ratio polar map from its
cylindrical spatial position, as follows:

“r
op| Tt/ | 35)

When a constant r; term is added to Equation 33, both it and
Equation 35 establish a mapping function from the center of the
image outward. Equations 33 (with a constant r; of 0.13738 in
added) and 35 were both evaluated for d/r.y, ranging from 0.0 to
0.95, and are plotted for comparison in Figure 10 (in which the
dashed line represents the modeled PAL, and the solid line
represents constant aspect ratio polar mapping). The two curves
agree to within one percent.
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Fig. 10 Image plane radius versus object space distance.

7 CONCLUSION

In conclusion, an analytical model was developed which predicts
that the panoramic annular lens produces a constant aspect ratio
polar mapping. The model was verified by comparing results with
an actual photograph taken through the PAL and with the results
obtained using a ray tracing method. This characterization is
important; it not only facilitates optical inspection and measurement
through a PAL but allows the PAL to be compared with other
lenses. These comparisons will be the subject of a subsequent

paper.
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